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Abstract

Clobber is a new two-player board game. In this paper, we intro ducethe one-player
variant Solitaire Clobber where the goal is to remove as many stonesas possiblefrom
the board by alternating white and black moves. We show that a n stone chederboard
con guration on a single row (or single column) can be reducedto about n=4 stones.
For boards with at least two rows and two columns, we show that a chederboard
con guration can be reducedto a single stoneif and only if the number of stonesis
not a multiple of three, and otherwise it can be reducedto two stones. We also shov
that in generalit is NP-complete to decidewhether an arbitrary Clobber con guration
can be reducedto a single stone.

1 Intro duction

Clobber is a new two-player conbinatorial board gamewith completeinformation, recerily
introducedby Alb ert, Grossman,and Nowakowski (seg[7]). It is playedwith black and white
stonesoccupying somesubsetof the squaresof ann  m chedkerboard (more generally the
gamecould alsobe played on an arbitrary graph). The two players, White and Black, move
alternately by picking up one of their own stonesand cloblering an opponert's stoneon a
horizontally or vertically adjacen square. The clobbered stone is removed from the board
and replacedby the stonethat was moved. The gameendswhen one player, on their turn,
is unableto move, and then that player loses.

We say a stoneis matching if it has the samecolor as the squareit occupieson the
underlying chederboard; otherwiseit is clashing In a checkerloward con guration, all stones
are matching, i.e., the white stonesoccupy white squaresand the black stonesoccupy black
squares. In a rectangular con guration, the stonesoccupy exactly the squaresof some
rectangular region on the board. Usually, Clobber starts from a rectangular chedkerboard
con guration, and White moves rst (if the total number of stonesis odd we assumethat it
is White who has one stonelessthan Black).



At the recent Dagstuhl Seminar on Algorithmic Combinatorial Game Theory [2], the
gamewas rst introducedto a broader audience. Tomas Tichy from Prague won the rst
Clobber tournamen, playedona5 6 board, beating his supervisor Jir Sgallin the nals.
Not much is known about Clobber strategies,even for small boards, and the computation
of conmbinatorial gamevalues(see[1]) is alsoonly in its preliminary stages[7].

In this paper we introduce Solitaire Clobker, where a single player (or two cooperative
players) tries to remove asmarny stonesas possiblefrom the board by alternating white and
black moves. If we end up with k immovable stones,we sa the initial board con guration
is reduced to k stones,or k-reduced. Obviously, 1-reducibility is only possibleif half of the
stonesare white (rounded down), and half of the stonesare black (rounded up). However,
even then it might not be possible.

We prove the following necessarycondition for a Clobber position to be 1-reducible: The
number of stonesplus the number of clashing stonesis not a multiple of three. For truly
two-dimensionalrectangular chedkerboard con gurations, i.e., with at least two rows and
two columns, this condition is alsosu cient. If the condition is not true then the board is
2-reducible(with the last two stonesseparatedby a singleempty square),which is the next-
best possible. In general,we shov that it is NP-completeto decidewhether an arbitrary
(non-rectangular non-chederboard) con guration is 1-reducible.

In one-dimensionalSolitaire Clobber (i.e., the board consistsof a singlerow of stones)1-
reducibility is rare. We shaw that the chedkerboard con guration canbe reducedto dn=4e+
f1lif n 3 (mod 4)g stones,no matter who moves rst, and that this bound is best possible
evenif we do not have to alternate betweenwhite and black moves. This result wasobtained
independerly by Grossman[4].

This paper is organizedas follows. In Section 2, we analyze the reducibility of one-
dimensional chekerboard con gurations. In Section 3, we study reducibility of truly two-
dimensionalrectangular chederboard con gurations. In Section4 we show that deciding 1-
reducibility is NP-completefor generalcon gurations. We concludewith someopen problems
in Section5.

2 One-Dimensional Solitaire Clobb er

In this sectionwe study Solitaire Clobber played on a board consisting of a single row of
stones.Let A, denotethe chederboard con guration, i.e., an alternating sequencef white
and black stones. By symmetry, we can assumethroughout this sectionthat A, always
starts with a black stone,sowe have A,, = . We rst shawv an upper bound on the
k-reducibility of chederboard con gurations.

Theorem 1 Forn 1, thecon guration A, can bereducedto dn=4e+f1if n 3 (mod 4)g
stonesby an alternating sequene of moves,no matter whois to move rst.

Pro of:  Split the con guration A, into dn=4e substrings of length four, exceptfor the
last one which might be shorter. Each substring of length one, two, or four can be reduced
to one stone by alternating moves, no matter which color moves rst. A substring of size
three can be reducedto two stonesby one move, no matter which color moves rst. 2
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In this move sequencewe endup with oneisolatedstonesomewheren the middle of eah
block of four consecutie stones. One might wonder whether a more clewer strategy could
endup with onestoneat the end of eat subblock, and then we could clobber onemore stone
in eat pair of adjacen stonesfrom adjacert subblocks. Unfortunately, this is not possible,
asis establishedby the following matching lower bound. The lower bound holds even if we
are not forcedto alternate betweenwhite and black moves. We give a simple proof for the
theoremdue to Grossman[4].

Theorem 2 Letn 1. Evenif we are not restricted to alternating white and blackmoves,
the con guration A,, cannot be reduced to fewerthan dn=4e+ f1if n 3 (mod 4)g stones.

Pro of: Ay canonly be reducedto a single stoneif we always move either the leftmost
or the rightmost stone of the currernt con guration. For k = 3, the rst sud move already
leadsto an end con guration with two stones. For k 5, we can only do two sud moves
beforewe are forcedto move a stonein the middle. Thus, Ay is not 1-reduciblefor k = 3
andk 5. Table 1 shows the reducibility of Ay for k = 1;:::;12.

To concludethe proof, note that eat stonein the nal con guration comesfrom some
cortiguous substring of stonesin the initial con guration. By the argumert above, ead of
these substrings must consist of one, two, or four stones. Thus, there are at least dn=4e
stonesleft at the end, and evenonemoreif n 3 (mod 4). 2

Note that the tight bound of Theoremsl and 2 is not monotonein n, the number of stones
in the initial con guration (seeTable 1), asis not unusual for arithmo-periodic sequences.

Con guration Reducibility

>
ke
WRWWNWNNRENPRR

Table 1: Reducibility of one-dimensionakhederboard Clobber con gurations.

3 Rectangular Solitaire Clobb er

In this sectionwe study reducibility of rectangular chedkerboard con gurations with at least
two rows and two columns. We rst show a generallower bound on the reducibility which



holds for arbitrary Clobber con gurations. For a con guration C, we denotethe quartity
\n umber of stonesplus number of clashingstones"by (C).

We will establishthat (C) (mod 3) dividesall clobber con gurations into three mutually
unreadable equivalenceclassesthat is, any con guration will stay in the sameequivalence
class, after any number of moves. Since the equivalence class of con gurations C with

(C) 0 (mod 3)) doesnot cortain con gurations with a single stone, no con guration in
this equivalenceclassis 1-reducible. This is true ewven if we allow arbitrary non-alternating
move sequences.

Theorem 3 For a con guration C, (C) (mod 3) doesnot changeafter an arbitrary move.

Pro of: A clobber made by a matching stonein C reducesthe total number of stones
by one, and increaseshe number of clashing stonesby one,so is unchanged. A clobber
made by a clashing stone reducesthe number of stonesby one and the number of clashing
stonesby two, resulting in a drop of by three. 2

Corollary 4 A conguration C with (C) 0 (mod 3) is not 1-reducible.

Pro of: A singlestonecon guration C canonly have (C) (mod 3) equalto oneor two
(depending on whether it is a matching or clashingstone). Thus, by the previoustheorem,
con gurations C with (C) 0 (mod 3) are not 1-reducible. 2

The rest of this sectionis dewted to a proof that this bound is actually tight for rectan-
gular chedkerboard con gurations.

Theorem 5 For n;m 2, a rectangular checkerlward con guration with n rows and m
columnsis 2-reducibleif nm 0 (mod 3), and 1-reducible otherwise.

We presenn an algorithm that computesa sequenceof moves that reducesthe given
chederboard con guration to oneor two stonesas appropriate.

We distinguish casedn a somewhatcomplicatedway. There are nitely many caseswith
2 nm 6; these casescan be veri ed trivially, as establishedin Appendix A. The
remaining caseshave at least one dimensionwith at least se\en stones;by symmetry, we
ensurethat the con guration has at least seven columns. We distinguish four casesbased
on the parities of n and m:

Case EE: Even number of rows and columns[Section3.2]
Case OE: Odd number of rows, even number of columns[Section3.3]
Case EO: Even number of rows, odd number of columns[Section3.4]

Case OO: Odd number of rows and columns[Section3.4]



CasesOE and EO are symmetric for con gurations with at least seven rows and at least
seen columns. By corvertion, we handle sud situations in CaseEO. When one dimension
is smallerthan sewen, we requirethat dimensionto be rows, forcing usinto CaseOE or Case
EO and breaking the symmetry. In fact, we solve theseinstancesof Case OE by rotating
the board and solving the simpler casesE3 and E5 (even number of rows, and three or v e
columns, respectively).

Section 3.1 gives an overview of our generalapproad. Section 3.2 considersCaseEE,
which senesasa represetativ e exampleof the procedure. Section3.3 extendsthis reduction
to CaseOE (when the number of rows is lessthan sewen), which is also straightforward.
Finally, Section3.4 considersthe remaining casesn which the number of columnsis odd.

3.1 General Approac h

In ead case,we follow the samebasic strategy. We eliminate the stoneson the board from
top to bottom, two rows at a time. More precisely eah step reducesthe topmost two rows
down to O(1) stones(usually oneor two) arrangedin a xed pattern that touchesthe rest
of the con guration through the bottom row.

There are usually four typesof steps,repeatedin the order

(1); fZ); ({'37); (4?; f2); (é); (4;; FZ); ({37); (4?; S

Step (1) leavesa small remainderof stonesfrom the top two rowsin a xed pattern. Step(2)
absorbsthis remainderand the next two rows, in total reducingthe top four rows down to
a di erent pattern of remainder stones. Step (3) leaves yet another pattern of remainder
stonesfrom the top six rows. Finally, step (4) leavesthe samepattern of remainder stones
asstep (1), sothe sequencecanrepeat (2), (3), (4), (2), (3), (4), ....

In somesimple casessteps(1) and (2) leave the samepattern of remainderstones. Then
just two typesof stepssu ce, repeatingin the order(1);(2);(2);(2);:::. In someother cases,
three stepssu ce.

In any case,the step sequencemay terminate with any type of step. Thus, we must
also shav how to reduce ead pattern of remainder stonesdown to one or two stonesas
appropriate; when needed,these nal reductions are enclosedby parerthesesbecausethey
are only usedat the very end. In addition, if the total number of rows is odd, the nal step
involvesthree rows instead of two rows, and must be treated separately

In the description below, a single move is denotedby ! . We often do not show long
move sequencesompletely Instead, we usually jump’ seweral movesat a time, denotedby
1® or !a , depending on whether White or Black moves rst, wherea denotesthe number

of moveswe jump. The moving stonesare usually underlined.

We note that it is actually possibleto nd all the reduction sequencesy brute force
seart using a computer program. For completenessye give the full reduction sequencdor
ewery case. A few elemerary move sequencesppear in marny of the reduction sequences,
so we introduce them as subroutines (the nameshave beeninspired by the shape of the
stonesinvolved). For example,\2 2" denotesthe sequencef three movesto reducea2 2
chedkerboard to a singlestone,as showvn in Appendix A. Again, we usethe hameof a move




sequenceas a subscript or superscript to the ! synbol, and we underline the stonesto
which we apply an elememary move sequence.

By L, we denotethe 2-move sequence =~ ! -

By L3 we denotethe 3-move sequence  ~~ ! "1 "7
By L; we denotethe 3-move sequence —" " ! "7 1 Tl

By T we denotethe 3-move sequence - ! "~~~ 1 70|
By j, we denotethe 2-move sequence _ I - _ |

By js we denotethe 3-move sequence _ I P -l
By Z we denotethe 3-move sequence =~ — ! ~ 1 T

The elememary move sequencesan alsoappear rotated or mirrored, or with the rolesof
White and Black exchanged. Further, the "-' can be replacedby an arbitrary synbol.

3.2 Case EE: Even Num ber of Rows and Columns

We begin with the casein which both n and m are even. This caseis easierthan the
other cases:the details are fairly clean. It senesasa represetative exampleof the general
approad.

Becausethe number of columnsis even and at least sewen, it must be at least eigh.
Every step beginsby reducing the two involved rows down to a small number of columns.
First, we clobber a few stonesto createa con guration in which the lower row hastwo more
stonesthan the upper row, oneon ead side:

— 32—

— — 2 2
Then we repeatedly apply the following reduction, in ead step removing six columns,three
on eadt side:

- P T S IR
— ' —z — ' o — L

We stop applying this reduction whenthe bottom row hassix, eigh, or ten columnsleft, and
the top row hasfour, six, or eight columns, depending on whetherm 2, 1, or 0 (mod 3),
respectively.

The resulting two-row con guration haseither a bladk stonein the lower-left and a white
stonein the lower-right corner - ", orviceversa ’ " . We shaw reductionsfor
the former case;the latter caseis symmetric.



Case 1: m 2 (mod 3)
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Case 2. m 1 (mod 3)

(1) First we clear another six columns, sothe move sequencas
. '12 -------- R

) 0 :;'::;!Z e T EERIRTEN :....:::!ja‘ ........

@) - 12 L — fs e PR

(4) :—'”':!-3::'—':::!-2..._...!-3 ........ It

Case 3: m 0 (mod 3)

(1) First we clear another six columns, sothe move sequenceas
R
|

LParenthetical movesare made only if this is the nal step.



3.3 Case OE: Odd Num ber of Rows, Even Num ber of Columns

To extend CaseEE from the previous sectionto handle an odd number of rows, we could
provide extra termination caseswith three instead of two rows for any step. Becausethese
stepsare always nal, they may produce an arbitrary result con guration with one or two
stones.

Howeer, as obsenred before,we only needto considercon gurations with three or v e
rows in CaseOE (becauseany other con guration can be rotated into a CaseEO). It turns
out that we can descrike their reduction more easily (and conform with all other cases)by
rst rotating them. Thus, the following reductionsusethe generalapproad from Section3.1
to reducecon gurations with three or v e columnsand an even number of rows.

Three Columns:

@ — 12 -

@ bk

Fiv e Columns:

1 — %2:_:2|2___!z .....
@ o IR oL
® - _—'z fii"; 5::;525:5:5
@4 ¥ _—lL2 _|Z _F_s

3.4 Cases EO and OO: Odd Num ber of Columns

Finally, we considerthe caseof an evenor odd number of rowsand an odd number of columns.
For eat step, we give two variants, one reduction from two rows and one reduction from
three rows. The latter caseis applied only at the end of the reduction, soit doesnot need
to end with the samepattern of remainder stones. Also, for an odd number of rows, the
initial symmetrical removal of columns from both endsof the rows in a step is done rst
for the nal three-row step, beforeany other reduction; this order is necessarybecausethe
three-rov symmetrical removal can start only with a White move.

The number of columnsis at leastsewen. Every step beginsby reducingthe two or three
involved rows down to a small number of columns.



Two Rows. First, we clobber a few stonesto create a con guration in which the upper

row hasone more stoneon the left sidethan the lower row, and the lower row hasone more

stoneon the right sidethan the upper row:
o 32 .

!

22 7

Similar to CaseEE, we repeatedly apply the following reduction, in ead step removing six
columns,three on ead side:

: o =ik
— — z — - Ls
We stop applying this reduction when the total number of columnsis just v e, sewen, or
nine, so eat row hasfour, six, or eight occupiedcolumns,depending on whetherm 1,0,
or 2 (mod 3), respectively.

The resulting two-row con guration has either (a) a black stonein the upper- Ieft and
a white stonein the lower-right corner ", or (b) vice versa . . We
will shav reductions from both con gurations. It turns out that con guration (a) is more
dicult to handlebecausat is not always possibleto end up with a single stone (or pair of
stones)on the bottom row. In that case,we will make the last move parerthetical, omitting
it whene\er this stepis not the last.

Sometimeswe alsoneedto start from the con gurations (a9 - cor (b9 - ,
which are the mirror imagesof the con gurations (a) and (b). Thesestarting points can be
achieved by applying the reductions above upside-davn.

Three rows. First, we clobber a few stonesto createthe following con guration:

i2-. Lo — 32

Then, we reducelong rows four columnsat a time (remenber, in the two-row reductionswe
reducedsix columnsat a time):

— I N C 16

Note that we can also obtain the symmetric con guration ... ..., Becausewe cannot

perform this reduction with Black starting, we must perfo'r'm this reduction at the very
beginning of the entire algorithm, beforeany other steps.

We stop this reduction whenwe have readhed oneof the three con gurations - - or -

or - .. The last con guration could be reducedfurther but in somecasesthat would
isolate the remaining stonesfrom the remainder stonesof the rows above.



Reductions.  Now we shav how to reducethe con gurations descrilked above following the
generalapproad from Section3.1. For the caseof three rows, we only needto considerthe
following two reductionsin step (1):

P = T
i A L T L
(1() : — [ .o
Case 1: m 1 (mod 3)
The initial con guration is of type (a) for m = 13+ 12k columns, and of type (b) for

m = 7+ 12k columns,for k 0.

a) . o
- o
(1b) —— P o
e ]
, o SOOI RSSO e
(2a) o I - !L3 ’ | SRS

|J2 _ i-_S ' |12 L
o - - , —

Fooooi—y N S

T - Ls - _
R T A
(2b) . !|_2 '__!La__'!

I — 2 !-2 __ !—2 .....
A R
O T S A

I I PR
'12 i-_s | |12
o : bty —
!__3 - ' IJS _ ! -------
— A
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(4b% In the two-rows case,we must reducetheserows starting with the mirrored standard
initial con guration.

o A s T R
- I _ 22 -
2 14 __t2 :f‘z__ oo B

Case 2. m 0 (mod 3)
The initial con guration is of type (a) for m = 15+ 12k columns, and of type (b) for
m = 9+ 1 columns,for k 0.

Cods e e C e T T

(la) —— " DR e

(lb) . — T T
- I3 - - Ls

Gy [ TibTHE oy e iy

) I N e NP CRPIPPEPS Lol

For three rows, this caseis symmetric to (4a) in Casel (with the mirrored initial
con guration).

Case 3: m 2 (mod 3)
The initial con guration is of type (a) for m = 17+ 12k columns, and of type (b) for
m = 11+ 12k columns,for k 0.

(la) — — & b e
_ o zZ - e i_3 I e e ’_3 .........
(1) — T ZUDE i e
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(3a)

(3b)

(4a)

(4b)

- Tz Ga e e T A i
— | _ _!—3 i—z - L3 _ | e

5 — ... ks e —.. ks ...
S ZA I T D
. VA L 2 2

In the two-rows case,we must reducetheserows starting with the mirrored standard
initial con guration (we could alsosolwe the standard con guration, but then we could
not cortinue with step (4b)).

[ T N I T

z - s Lo s

For three rows, this caseis idertical to Casel(2b).

In the two-rows case,we must reducetheserows starting with the mirrored standard
initial con guration (becauseof the white single stoneleft over at the right end of row
six in step 3a)).

In the three-rows case,we must reducethe number of columnsa little bit asymmet-
rically (remove four additional columns on the left side) and then do the following
reduction.

For three rows, this caseis identical to Casel(4b).
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4 NP-Completeness of 1-Reducibilit y

In this section we considerarbitrary initial Clobber positions that do not needto have a
rectangular shape or the alternating chedkerboard placemen of the stones. We show that
then the following problem is NP-complete. Nowakowski et al. proved by similar methods
that determining whether the secondplayer can win is NP-hard [6].

Problem Solit aire-Clobber
Given an arbitrary initial Clobber con guration, decidewhether we can
reduceit to a single stone.

The proof is by reduction from the Hamiltonian circuit problem in grid graphs. A grid
graphis a nite graph embeddedin the Euclidean plane sud that the vertices have integer
coordinatesand two verticesare connectedby an edgeif and only if their Euclideandistance
is equalto one.

Problem Grid-Hamil tonicity
Decidewhether a given grid graph hasa Hamiltonian circuit.

Itai et al. proved that Grid-Hamil tonicity is NP-complete[5, Theorem 2.1].
Theorem 6 Solit aire-Clobber is NP-complete.

Proof: We rst obsene that Solit aire-Clobber is indeedin NP, becausewe can
easily chek in polynomial time whether a proposedsolution (which must have only n 1
moves) reducesthe given initial con guration to a single stone.

We prove the NP-completenessby reduction from Grid-Hamil tonicity . Let G be
an arbitrary grid graph with n nodes, embeddedin the Euclidean plane. Let v be a node
of G with maximum y-coordinate, and amongall sucd nodesthe node with maximum x-
coordinate. If v doesnot have a neighoor to the left then G cannot have a Hamiltonian
circuit. Soassumethere is a left neighbor w of v. Note that v has degreetwo and therefore
any Hamiltonian circuit in G must usethe edge(v; w).

Then we construct the following Clobber con guration (seeFigure 1). We put a black
stoneon ead node of G. We placea singlewhite stonejust above w, the bomh We placea
vertical chain of n white stonesabove v, the fusg and another single black stone,the r e,
on top of the fuse. Altogether we have placedn + 1 white and n + 1 black stones,sothis is
a legal Clobber con guration.

If G hasa Hamiltonian circuit C then the bomb canclobber all black nodesof G, following
C starting in w and endingin v after n rounds. At the sametime, the bladk re can clobber
the n stonesof the fuse and end up just above v after n rounds. Then, in a last step, the
bomb can clobber the re, leaving a single stone on the board.

On the other hand, if the initial con guration canbereducedto a singlestonethen White
cannot move any stone on the fuse (becausethat would disconnectthe black re from the

13



@ -
O

Q Eﬁsstones)
bomb Q
OO
000
000
00000
@

Figure 1. An n-node grid graph with Hamiltonian circuit and the correspnding Clobber
con guration that can be reducedto a single stone.

stoneson G), soit must move the bomb until Black has clobbered the fuse. This takesn
steps,soWhite must in the mearwhile clobber all n black stonesof G, that is, it must walk
along a Hamiltonian circuit in G. 2

5 Conclusions and Open Problems

We have seernthat reducinga given Clobber con guration to the minimum number of stonesis
polynomially sohablefor rectangularchederboard con gurations, andis NP-hard for general
con gurations. What about non-rectangular chedkerboard con gurations and rectangular
non-chedkerboard con gurations?

We have alsoseena lower bound on the number of stonesto which a con guration canbe
reducedthat is basedon the number of stonesplus the number of stoneson squaresof di er-
ent color. It would be interesting to idertify other structural parametersof a con guration
that in uence reducibility.

Whereasthis paperis concernedvith the maximum length sequencén a gameof Clobber,
Gottfried recenly posedthe questionabout the length of a shortestgamesequencd3].
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A Small Cases

Our proof of Theorem5 requiresusto verify reducibility for all instanceswith 2 n;m 6.
This fact can be cheded easily by a computer, but for completenessve give the reductions
here. By symmetry, we only needto shav the caseswvith n  m. Reductionsof2 3,2 5,
3 4,3 6,4 5 ,and5 6 boardsare already given in Section 3.3. Eight more small
boardsremain. We assumeWhite moves rst.

2 2 - =1
2 4 — 32—
— — 22 =
2 6 — 3
— — 2 4
33 — 32 .1 o
— T
35 _  iro— — F ! —F Lol
- - L - . .
4 4 — 14— ! ke
— L, — Z —
46 36 R S RIS oL,
— — 7 _ _ _ 3 ottt
6 6 46 Z e A ::::::qziiiiii, e
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